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Abstract
In this paper we introduce two new methods for constructing harmonic morphisms from
solvable Lie groups. The first method yields global solutions from any simply connected
nilpotent Lie group and from any Riemannian symmetric space of non-compact type and
rank r  3. The second method provides us with global solutions from any Damek–Ricci
space and many non-compact Riemannian symmetric spaces. We then give a continuous
family of 3-dimensional solvable Lie groups not admitting any complex-valued harmonic
morphisms, not even locally.
1. Introduction
The notion of a minimal submanifold of a given ambient space is of great importance
in Riemannian geometry. Harmonic morphisms φ: (M, g) → (N , h) between Riemannian
manifolds are useful tools for the construction of such objects. They are solutions to over-
determined non-linear systems of partial differential equations determined by the geometric
data of the manifolds involved. For this reason harmonic morphisms are difficult to find and
have no general existence theory, not even locally.
If the codomain is a surface the problem is invariant under conformal changes of the
metric on N 2. Therefore, at least for local studies, the codomain can be taken to be the
complex plane with its standard flat metric. For the general theory of harmonic morphisms
between Riemannian manifolds we refer to the self-contained book [3] and the regularly
updated on-line bibliography [7].
In [2] Baird and Wood classify harmonic morphisms from the famous 3-dimensional ho-
mogeneous geometries to surfaces. They construct a globally defined solution φ: Nil → C
from the 3-dimensional nilpotent Heisenberg group and prove that the 3-dimensional solv-
able group Sol does not admit any solutions, not even locally.
In this paper we introduce two new methods for constructing complex-valued harmonic
morphisms from solvable Lie groups. We prove that any simply connected nilpotent Lie
group can be equipped with left-invariant Riemannian metrics admitting globally defined
solutions.
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Our methods yield a variety of harmonic morphisms from a large collection of solvable
Lie groups for example all Damek–Ricci spaces. We prove existence for most of the solvable
Iwasawa groups N A associated with Riemannian symmetric spaces. Combining this with
earlier results from [8], [9] and [10] we are able to prove the following conjecture except in
the cases when the symmetric space is G2/SO(4) or its non-compact dual.
CONJECTURE 1·1 Let (Mm, g) be an irreducible Riemannian symmetric space of dimen-
sion m  2. For each point p ∈ M there exists a non-constant complex-valued harmonic
morphism φ: U → C defined on an open neighbourhood U of p. If the space (M, g) is of
non-compact type then the domain U can be chosen to be the whole of M.
In the last section of the paper, we study the local existence of harmonic morphisms on
3-dimensional solvable Lie groups and prove the following result.
THEOREM 13·6 Let g be a 3-dimensional centerless, solvable Lie algebra and G a con-
nected Lie group with Lie algebra g and a left-invariant metric. Let V be a local conformal
foliation by geodesics on G. Then G has constant sectional curvature.
In contrast to the nilpotent case, we find a continuous family of solvable Lie groups not
admitting any complex-valued harmonic morphisms, independent of their left-invariant met-
ric. This family contains the famous example Sol.
2. Harmonic morphisms
Let M and N be two manifolds of dimensions m and n, respectively. A Riemannian metric
g on M gives rise to the notion of a Laplacian on (M, g) and real-valued harmonic functions
f : (M, g) → R. This can be generalized to the concept of harmonic maps φ : (M, g) →
(N , h) between Riemannian manifolds, which are solutions to a semi-linear system of partial
differential equations, see [3].
Definition 2·1. A map φ : (M, g) → (N , h) between Riemannian manifolds is called a
harmonic morphism if, for any harmonic function f : U → R defined on an open subset U
of N with φ−1(U ) non-empty, f ◦ φ: φ−1(U ) → R is a harmonic function.
The following characterization of harmonic morphisms between Riemannian manifolds
is due to Fuglede and Ishihara. For the definition of horizontal (weak) conformality we refer
to [3].
THEOREM 2·2 [6, 12]. A map φ : (M, g) → (N , h) between Riemannian manifolds
is a harmonic morphism if and only if it is a horizontally (weakly) conformal harmonic
map.
The next result of Baird and Eells gives the theory of harmonic morphisms a strong geo-
metric flavour and shows that the case when n = 2 is particularly interesting. The conditions
characterizing harmonic morphisms are then independent of conformal changes of the met-
ric on the surface N 2.
THEOREM 2·3 [1]. Let φ: (Mm, g) → (N n, h) be a horizontally (weakly) conformal map
between Riemannian manifolds. If:
(i) n = 2, then φ is harmonic if and only if φ has minimal fibres at regular points;
(ii) n  3, then two of the following conditions imply the other:
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(a) φ is a harmonic map;
(b) φ has minimal fibres at regular points;
(c) φ is horizontally homothetic.
In this paper we are interested in complex-valued functions φ,ψ: (M, g) → C from
Riemannian manifolds. In this situation the metric g induces the complex-valued Laplacian
τ(φ) and the gradient grad(φ) with values in the complexified tangent bundle T CM of M .
We extend the metric g to be complex bilinear on T CM and define the symmetric bilinear
operator κ by
κ(φ,ψ) = g(grad(φ), grad(ψ)).
Two maps φ,ψ: M → C are said to be orthogonal if
κ(φ,ψ) = 0.
The harmonicity and horizontal conformality of φ : (M, g) → C are expressed by the
relations
τ(φ) = 0 and κ(φ, φ) = 0.
Definition 2·4. Let (M, g) be a Riemannian manifold. Then a set
 = {φk : M → C | k ∈ I }
of complex-valued functions is said to be an orthogonal harmonic family on M if, for all
φ,ψ ∈ ,
τ(φ) = 0 and κ(φ,ψ) = 0.
The problem of finding an orthogonal harmonic family on a Riemannian manifold can
often be reduced to finding a harmonic morphism with values in Rn .
PROPOSITION 2·5 Let  : (M, g) → Rn be a harmonic morphism from a Rieman-
nian manifold to the standard Euclidean Rn with n  2. If V is an isotropic subspace of
C
n then
V = {φv(x) = ((x), v)| v ∈ V }
is an orthogonal harmonic family of complex-valued functions on (M, g).
Here and elsewhere in this paper (·, ·) refers to the standard symmetric bilinear form on
the n-dimensional complex linear space Cn .
Proof. Let v,w ∈ V , {X1, . . . , Xm} be a local orthonormal frame for the tangent bundle
T M and λ : M → R+0 be the dilation of . Then
τ(φv) =
n∑
k=1
τ(k)vk = 0
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and
κ(φv, φw) =
m∑
k=1
Xk(φv) · Xk(φw)
=
m∑
k=1
n∑
i, j=1
Xk(i)vi · Xk( j )w j
=
n∑
i, j=1
κ(i , j )viw j
= λ2(v,w)
= 0.
The next result shows that orthogonal harmonic families can be useful for producing a
variety of harmonic morphisms.
THEOREM 2·6 [8]. Let (M, g) be a Riemannian manifold and
 = {φk : M → C | k = 1, . . . , n}
be a finite orthogonal harmonic family on (M, g). Let  : M → Cn be the map given
by  = (φ1, . . . , φn) and U be an open subset of Cn containing the image (M) of .
If H = {hi : U → C | i ∈ I } is a family of holomorphic functions then the family F
given by
F = {ψ : M → C | ψ = h(φ1, . . . , φn), h ∈ H}
is an orthogonal harmonic family on M. In particular, every element of F is a harmonic
morphism.
3. The general linear group GLn(R)
Let GLn(R) be the general linear group equipped with its standard Riemannian metric
induced by the Euclidean scalar product on the Lie algebra gln(R) given by
〈X, Y 〉 = trace XY t .
For 1  i, j, k, l  n we shall by Ei j denote the elements of gln(R) satisfying
(Ei j )kl = δikδ jl and Ei j Ekl = δ jk Eil .
Let G be a subgroup of GLn(R) with Lie algebra g equipped with the induced Riemannian
metric g. If X ∈ g is a left-invariant vector field on G and φ,ψ: U → C are two complex-
valued functions defined locally on G then
X (φ)(p) = d
ds
[φ(p · exp(s X))]∣∣
s=0,
X 2(φ)(p) = d
2
ds2
[φ(p · exp(s X))]∣∣
s=0.
This means that the operator κ is given by
κ(φ,ψ) =
∑
X∈B
X (φ)X (ψ),
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where B is any orthonormal basis for the Lie algebra g. Employing the Koszul formula for
the Levi-Civita connection ∇ on G we see that
g(∇XX , Y ) = g([Y, X ], X)
= trace(Y X − XY )Xt
= trace Y (X Xt − Xt X)t
= g([X, Xt ], Y ).
Let [X, Xt ]g be the orthogonal projection of the bracket [X, Xt ] onto g in gln(R). Then the
above calculation shows that
∇XX = [X, Xt ]g
so the Laplacian τ satisfies
τ(φ) =
∑
X∈B
X 2(φ) − [X, Xt ]g(φ).
4. The nilpotent Lie group Nn
The standard example of a nilpotent Lie group is the subgroup Nn of GLn(R) consisting
of n × n upper-triangular unipotent matrices
Nn =
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
1 x12 · · · x1,n−1 x1n
0 1 . . .
...
...
. . .
. . .
. . .
...
...
. . . 1 xn−1,n
0 · · · · · · 0 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
∈ GLn(R) | xi j ∈ R
⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
.
This inherits a natural left-invariant Riemannian metric from GLn(R). The Lie algebra nn of
Nn has the canonical orthonormal basis B = {Ers | r < s} and its Levi–Civita connection ∇
satisfies
∇ErsErs = [Ers, E
t
rs]nn = (Err − Ess)nn = 0
for all Ers ∈ B. Hence the Laplacian τ is given by
τ(φ) =
∑
r<s
E2rs(φ).
LEMMA 4·1 Let xi j : Nn → R be the real valued coordinate functions
xi j : x 	−→ ei · x · etj
where {e1, . . . , en} is the canonical basis for Rn. If i < j then the following relations hold
τ(xi j ) = 0 and κ(xi j , xkl) = δ jl ·
∑
max{i,k}r<l
xir xkr .
Proof. For an element X of the Lie algebra nn we have
X (xi j ) : x 	−→ ei · x · X · etj and X 2(xi j ) : x 	−→ ei · x · X 2 · etj .
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This leads to the following
τ(xi j ) =
∑
r<s
E2rs(xi j ) =
∑
r<s
ei · x · E2rs · etj = 0,
κ(xi j , xkl) =
∑
r<s
Ers(xi j )Ers(xkl)
=
∑
r<s
ei · x · Ers · etj · el · Etrs · xt · etk
=
∑
r<s
ei · x · Ers · E jl · Etrs · xt · etk
=
∑
r<s
δs jδsl ei · x · Err · xt · etk
= δ jl
∑
r<l
ei · x · etr · er · xt · etk
= δ jl ·
∑
max{i,k}r<l
xir xkr .
THEOREM 4·2 Let Nn be the nilpotent Lie group of real n×n upper-triangular unipotent
matrices equipped with its standard Riemannian metric. Then the group epimorphism  :
Nn → Rn−1 defined by
(x) = (x12, . . . , xn−1,n)
is a harmonic morphism.
Proof. As a direct consequence of Lemma 4·1 we see that the components φ1, . . . , φn−1
of the epimorphism  : Nn → Rn−1 satisfy the following system of partial differential
equations
τ(φk) = 0 and κ(φk, φl) = δkl .
The result is a direct consequence of these formulae.
5. The first construction
In this section we generalize the above construction for Nn to a large class of Lie groups.
We find an algebraic condition on the Lie algebra which ensures the existence of at least
local harmonic morphisms.
PROPOSITION 5·1 Let G be a connected, simply connected Lie group with Lie algebra
g and non-trivial quotient algebra a = g/[g, g] of dimension n. Then there exists a natural
group epimorphism  : G → ARn and left-invariant Riemannian metrics on G turning
 into a Riemannian submersion.
Proof. The two Lie algebras a and Rn are Abelian so there exists an isomorphism ψ :
a → Rn which lifts to a Lie group isomorphism 
: A → Rn from the connected and simply
connected Lie group A with Lie algebra a.
On Rn we have the standard Euclidean scalar product. Equip the Lie algebra a with the
unique scalar product turning ψ into an isometry. This induces a left-invariant metric on A
and the isomorphism 
: A → Rn is clearly an isometry.
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Then equip the Lie algebra g of G with any Euclidean scalar product such that the projec-
tion map π: g → a is a Riemannian submersion. This gives a Riemannian metric on G and
the induced group epimorphism : G → A is a Riemannian submersion. It follows from
the above construction that the composition  = 
 ◦ : G → Rn is a group epimorphism
and its differential de at e is a Lie algebra homomorphism. Furthermore  is a Riemannian
submersion.
THEOREM 5·2 Let G be a connected, simply connected Lie group with Lie algebra g
and non-trivial quotient algebra a = g/[g, g] of dimension n. Let g be a left-invariant
Riemannian metric on G such that the natural group epimorphism : (G, g) → A Rn
is a Riemannian submersion. For the canonical basis {e1, . . . , en} of Rn let {X1, . . . , Xn} be
the orthonormal basis of the horizontal space He with de(Xi) = ei and define the vector
ξ ∈ Cn by
ξ = (trace adX1, . . . , trace adXn ).
For a maximal isotropic subspace W of Cn put
V = {w ∈ W | (w, ξ) = 0}.
If the dimension of the isotropic subspace V is at least 2 then
V = {φv(x) = ((x), v) | v ∈ V }
is an orthogonal family of globally defined harmonic morphisms on (G, g).
Proof. Since  is a group homomorphism from G to the Abelian group Rn , we have for
any X ∈ g,
(L p exp(t X)) = (p) + (exp(t X))
= (p) + exp(tde(X))
= (p) + tde(X),
where we have used exp to denote the exponential maps of both G and Rn . Thus,
Xk()(p) = d
k
dtk
((L p(exp(t X)))|t=0 = 0
for k > 1.
Fix an orthonormal basis B = B1  B2 where B1 is an orthonormal basis for [g, g] and
B2 for the orthogonal complement [g, g]⊥. The tension field of  can now be calculated as
follows:
τ()(p) =
∑
X∈B
X 2()(p) − dp(∇XX)
= −de
(∑
X∈B
∇XX
)
= −de
( ∑
X,Z∈B
〈∇XX , Z〉Z
)
=
∑
Z∈B2
∑
X∈B
〈[Z , X ], X〉de(Z)
=
∑
Z∈B2
(trace adZ )de(Z).
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6. Nilpotent Lie groups
In this section we show that every connected, simply connected nilpotent Lie group G
with Lie algebra g can be equipped with natural Riemannian metrics admitting complex-
valued harmonic morphisms on G. When the algebra is Abelian the problem is completely
trivial, so we shall assume that g is not Abelian. In that case we have the following well-
known fact.
LEMMA 6·1 Let g be a non-Abelian nilpotent Lie algebra. Then the dimension of the
quotient algebra g/[g, g] is at least 2.
Proof. Since the algebra g is nilpotent we have [g, g]  g. Assume that the quotient
algebra g/[g, g] is of dimension 1 i.e.
g = RX ⊕ [g, g]
for some X ∈ g. Then [g, g] ⊆ [g, [g, g]] and since of course [g, [g, g]] ⊆ [g, g] we must
have [g, g] = [g, [g, g]]. But as g is nilpotent, this is only possibible if [g, g] = 0 i.e. if g is
Abelian.
For non-Abelian nilpotent Lie groups the existence result of Theorem 5·2 simplifies to the
following.
THEOREM 6·2 Let G be a connected, simply connected, non-Abelian and nilpotent Lie
group with Lie algebra g. Then there exist Riemannian metrics g on G such that the natural
group epimorphism : (G, g) → A Rn is a Riemannian submersion. If V is a maximal
isotropic subspace of Cn then
V = {φv(x) = ((x), v) | v ∈ V }
is an orthogonal family of globally defined harmonic morphisms on (G, g).
Proof. The Lie algebra g is nilpotent, so if Z ∈ g then trace adZ = 0. This means that
the vector ξ defined in Theorem 5·2 vanishes. The result is then a direct consequence of
Lemma 6·1.
7. The nilpotent Heisenberg group Hn
We shall now apply Theorem 6·2 to yield an orthogonal family of complex-valued har-
monic morphisms from the well-known (2n + 1)-dimensional nilpotent Heisenberg group
Hn =
⎧⎨
⎩
⎛
⎝1 x z0 In y
0 0 1
⎞
⎠ ∈ Nn+2| x, yt ∈ Rn, z ∈ R
⎫⎬
⎭ ,
where In is the n × n identity matrix. A canonical orthonormal basis B for the nilpotent Lie
algebra hn of Hn consists of the following matrices
Xk =
⎛
⎝0 ek 00 0n 0
0 0 0
⎞
⎠ , Yk =
⎛
⎝0 0 00 0n etk
0 0 0
⎞
⎠ , Z =
⎛
⎝0 0 10 0n 0
0 0 0
⎞
⎠ ,
where {e1, . . . , en} is the canonical basis for Rn . The derived algebra [hn, hn] is generated by
Z and the quotient hn/[hn, hn] can be identified with the 2n-dimensional subspace generated
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by X1, . . . , Xn, Y1, . . . , Yn . The natural group epimorphism : Hn → R2n is given by
:
⎛
⎝1 x z0 In y
0 0 1
⎞
⎠ −→ (x1, . . . , xn, y1, . . . , yn).
THEOREM 7·1 Let Hn be the (2n + 1)-dimensional Heisenberg group and : Hn → R2n
be the natural group epimorphism. If V is a maximal isotropic subspace of C2n then
V = {φv : x 	−→ ((x), v) | v ∈ V }
is an orthogonal family of globally defined harmonic morphisms on Hn.
In the case n = 1, there is essentially only one choice for V giving the harmonic morphism
φ: H1 → C with
φ:
⎛
⎝1 x z0 1 y
0 0 1
⎞
⎠ 	−→ x + iy.
Baird and Wood show in [3] that, up to weakly conformal transformations on the codomain,
any harmonic morphism from an open subset of Nil = H1 to a surface is the restriction of
this map φ.
8. The nilpotent Lie group Kn
In this section we employ Theorem 6·2 to construct a harmonic morphism on the (n + 1)-
dimensional nilpotent subgroup Kn of GLn+1(R) given by
Kn =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 x p2(x) p3(x) · · · pn−1(x) y1
0 1 x p2(x) · · · pn−2(x) y2
. . .
. . .
. . .
. . .
...
...
0 1 x p2(x) yn−2
0 1 x yn−1
0 1 yn
0 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
x, yk ∈ R
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
,
where the polynomials p2, . . . , pn−1 are given by pk(x) = xk/k! For the Lie algebra
kn =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 α 0 0 β1
0 α 0 0 β2
. . .
. . .
. . .
. . .
...
...
0 α 0 βn−2
0 α βn−1
0 βn
0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
∈ gln+1(R) | α, βk ∈ R
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
of Kn we have the orthonormal basis B consisting of the matrices
Y1 = E1,n+1, . . . , Yn = En,n+1 and X = 1√
n − 1 (E12 + · · · + En−1,n).
The derived algebra [kn, kn] is generated by the vectors Y1, . . . , Yn−1 and the quotient algebra
kn/[kn, kn] can be identified with the 2-dimensional subspace of kn generated by X and Yn .
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The natural group epimorphism : Kn → C given by
: p 	−→ (x√n − 1 + iyn)
is a globally defined harmonic morphism on Kn .
9. Compact nilmanifolds
A nilmanifold is a homogeneous space of a nilpotent Lie group. As is well known, any
compact nilmanifold is of the form G/, where G is a nilpotent Lie group and  a uniform
subgroup of G, i.e., a co-compact discrete subgroup. We have proved the global existence of
harmonic morphisms on any simply connected nilpotent Lie group with a left-invariant met-
ric. We include here a section where we prove the existence of a globally defined harmonic
morphism on any compact nilmanifold G/, for which G has rational structure constants.
To begin with, assume that (M, g) is a compact Riemannian manifold and ω1, . . . , ωk be
a basis for the linear space of harmonic 1-forms on M ; thus k is the first Betti number of M .
Define the lattice  in Rk as the integer span of the vectors(∫
γ
ω1, . . . ,
∫
γ
ωk
)
with γ ∈ H1(M,Z).
After fixing a point p ∈ M we can define the correponding Albanese map
πp: M −→ Rk/, πp(q) =
(∫ q
p
ω1, . . . ,
∫ q
p
ωk
)
mod .
Note that πp is a harmonic map with respect to the flat metric on the torus Rk/.
To continue our construction, we need the following simple lemma, where L denotes Lie
derivative.
LEMMA 9·1 Assume that ω is a harmonic p-form on a compact Riemannian manifold
(M, g), and X a Killing vector field. Then
LXω = 0.
Proof. Let ϕt be the flow of X . As ϕt is an isometry, ϕ∗t ω is also harmonic. Hence LXω =
dιXω is a harmonic p-form, but as it is also exact, it must vanish.
Let G be a Lie group and  be a co-compact, discrete subgroup of G. We equip G with
a left-invariant metric and G/ with the metric which makes the quotient map G → G/
into a Riemannian submersion. Thus G acts by isometries on G/. By the above lemma,
any harmonic 1-form on G/ is left-invariant by G, and so has constant pointwise norm.
Hence, any two harmonic 1-forms which are orthogonal at one point, remain orthogonal
everywhere. Thus we can choose ω1, . . . , ωk in the above construction such that the relation
〈ωi , ω j 〉 = δi j
holds everywhere on G/. This makes the Albanese map into a Riemannian harmonic sub-
mersion and hence a harmonic morphism.
Malcev proves in [13] that a simply connected nilpotent Lie group G contains a uniform
subgroup  if and only if the Lie algebra g of G has rational structure constants with respect
to some basis. It is known that this condition is always satisfied if the dimension of g is less
than 7. In [15] Nomizu shows that the first Betti number of the quotient G/ equals the
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codimension of [g, g] in g, which by Lemma 6·1 is at least 2 unless the algebra is Abelian.
The above arguments now deliver the following result.
THEOREM 9·2 Let G be a non-Abelian nilpotent Lie group for which the Lie algebra g
has rational structure constants in some basis. For any uniform subgroup  and any G-
invariant Riemannian metric g on G/, there exists a harmonic morphism from (G/, g)
into a flat torus of dimension at least 2.
To show that the lift of the Albanese map to a map between the universal coverings is
essentially the same as we constructed in the previous section, we show the following result.
PROPOSITION 9·3 Assume that G is a connected and simply connected Lie group, and
 a uniform subgroup of G, and equip G and G/ with G-invariant metrics for which the
covering map G → G/ is a local isometry. Then any harmonic map φ: G → Rn which is
right-invariant under the action of  is a homomorphism followed by a translation in Rn.
Proof. By translating, we may assume that φ(e) = 0. Consider the 1-form ω = dφ on G.
This is the lift of a harmonic 1-form on G/, and so, by Lemma 9·1, is left-invariant on G.
Fix a g ∈ G and define (h) = φ(g) + φ(h) and 
(h) = φ(gh). As dφ is left-invariant,
it follows easily that d = d
, and since (e) = 
(e), we get  = 
. Hence φ is a
homomorphism.
Thus, the lift of the Albanese map is a homomorphism and a Riemannian submersion
φ : G → Rn , where n = dim g/[g, g]. Since the kernel of dφ necessarily contains [g, g],
these spaces must coincide. This shows that φ, up to a translation in Rn , is precisely the map
constructed in Theorem 6·2.
10. The solvable Lie group Sn
The standard example of a solvable Lie group is the subgroup Sn of GLn(R) of n × n
upper-triangular matrices. This inherits a natural left-invariant Riemannian metric from
GLn(R). The connected component G of Sn containing the neutral element e is given by
G =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
⎛
⎜⎜⎜⎜⎜⎝
et1 x12 · · · x1,n−1 x1n
0 et2 · · · x2,n−1 x2n
...
. . .
. . .
...
...
0 · · · 0 etn−1 xn−1,n
0 · · · 0 0 etn
⎞
⎟⎟⎟⎟⎟⎠ ∈ GLn(R) | xi j , ti ∈ R
⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
.
The Lie algebra g of G consist of all upper-triangular matrices and has the orthogonal
decomposition g = d ⊕ nn where nn is the Lie algebra for Nn and d is generated by the
diagonal elements D1 = E11, . . . , Dn = Enn ∈ g. The derived algebra [g, g] is nn and the
quotient g/[g, g] can be identified with d. The natural group epimorphism : G → Rn is
the Riemannian submersion given by
: g −→ (t1, . . . , tn).
THEOREM 10·1 Let G be the connected component of the solvable Lie group Sn contain-
ing the neutral element e and : G → Rn be the natural group epimorphism. Let the vector
ξ ∈ Cn be given by
ξ = ((n + 1) − 2, (n + 1) − 4, . . . , (n + 1) − 2n).
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If n  3, W is a maximal isotropic subspace of Cn and
V = {w ∈ W | (w, ξ) = 0},
then
V = {φv(x) = ((x), v) | v ∈ V }
is an orthogonal family of globally defined harmonic morphisms on G.
Proof. The subspace d of g is the horizontal space He of : G → Rn and has the or-
thonormal basis {D1, . . . , Dn}. For the diagonal elements Dt we have
trace adDt = (n + 1) − 2t
which gives
ξ = (trace adX1, . . . , trace adXn )
= ((n + 1) − 2, (n + 1) − 4, . . . , (n + 1) − 2n).
This means that for any maximal isotropic subspace W of Cn the space V = {w ∈
W | (w, ξ) = 0} is at least two-dimensional. The result is then a consequence of Theorem
5·2.
11. Symmetric spaces of rank r  3
In this section we employ Theorem 5·2 to construct complex-valued harmonic morphisms
from Riemannian symmetric spaces of rank at least 3. For the details of their structure theory
we refer to [11]. In the next section we will construct harmonic morphisms on symmetric
spaces of rank one through a different method.
An irreducible Riemannian symmetric space of non-compact type may be written as G/K
where G is a simple, connected and simply connected Lie group and K is a maximal com-
pact subgroup of G. We denote by g and k the Lie algebras of G and K , respectively, and
by
g = k + p
the corresponding Cartan decomposition of g. According to the Iwasawa decomposition of
g we have
g = n + a + k,
where a is a maximal Abelian subalgebra of p and n a nilpotent subalgebra of g. Furthermore,
the subalgebra
s = n + a
is a solvable subalgebra of g. On the group level we have similar decompositions
G = N AK and S = N A
where N is a normal subgroup of S.
As S acts simply transitively on G/K we thus obtain a diffeomorphism
G/K S
and, as the action of S on G/K is isometric, the induced metric on S is left-invariant.
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Since [s, s] = n, we see that the codimension of the derived algebra of s is the dimen-
sion of a i.e. the rank of G/K . Hence, when the rank is at least 3, the statement of The-
orem 5·2 shows that there exist globally defined complex-valued harmonic morphisms on
G/K .
Example 11·1. For the real special linear group SLn(R) we have the Iwasawa decom-
position N AK where N = Nn , K = SO(n) and A is the subgroup of diagonal matrices
with positive diagonal elements. The solvable group S = Nn A SLn(R)/SO(n) is given
by
S =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
⎛
⎜⎜⎜⎜⎜⎝
et1 x12 · · · x1,n−1 x1n
0 et2 · · · x2,n−1 x2n
...
. . .
. . .
...
...
0 · · · 0 etn−1 xn−1,n
0 · · · 0 0 etn
⎞
⎟⎟⎟⎟⎟⎠
∣∣∣∣∣∣∣∣∣∣∣
xi j , ti ∈ R, t1 + · · · + tn = 0
⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
.
The natural epimorphism : S → Rn−1 is given by : g 	→ (t1, . . . , tn) where
R
n−1 {(x1, . . . , xn) ∈ Rn| x1 + · · · + xn = 0}.
We shall now describe a duality principle introduced by the authors in [8]. This shows
how a locally defined complex-valued harmonic morphism from a Riemannian symmetric
space G/K of non-compact type gives rise to a dual locally defined harmonic morphism
from its compact dual U/K , and vice versa. Recall that any harmonic morphism between
real analytic Riemannian manifolds is real analytic, see [3].
Let W be an open subset of G/K and φ : W → C a real analytic map. By composing
φ with the projection G → G/K we obtain a real analytic K -invariant map φˆ : Wˆ → C
from some open subset Wˆ of G. Let GC denote the complexification of the Lie group G.
Then φˆ extends uniquely to a K -invariant holomorphic map φC: WC → C from some open
subset WC of GC. By restricting this map to U  WC and factoring through the projection
U → U/K , we obtain a real analytic map φ∗: W ∗ → C from some open subset W ∗ of U/K .
The following result is a direct consequence of [8, Theorem 7.1]
LEMMA 11·2 Let φ: W → C be a map as described above and φ∗: W ∗ → C be the dual
map. Then φ∗ is a harmonic morphism if and only if φ is a harmonic morphism.
This duality principle gives the following interesting result.
THEOREM 11·3 Let (M, g) be an irreducible Riemannian symmetric space of rank
r  3. Then for each point p ∈ M there exists a non-constant complex-valued harmonic
morphism φ: U → C defined on an open neighbourhood U of p. If the space (M, g) is of
non-compact type then the domain U can be chosen to be the whole of M.
Theorem 11·3 gives the first known examples of complex-valued harmonic morphisms
from the non-compact classical Riemannian symmetric spaces
SO(p, p)/SO(p) × SO(p),
SO(p, p + 1)/SO(p) × SO(p + 1),
Sp(p, p)/Sp(p) × Sp(p)
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with p  3 and their compact duals. As for the exceptional symmetric spaces, the result
gives the first known examples from the non-compact
E26/SU(6) × SU(2),
E−57 /SO(12) × SU(2),
E−248 /E7 × SU(2),
F44 /Sp(3) × SU(2),
E66/Sp(4),
E88/SO(16)
and their compact duals.
12. The second construction
In this section we introduce a new method for constructing complex-valued harmonic
morphisms from a certain class of solvable Lie groups. This provides solutions on any
Damek–Ricci space and many Riemannian symmetric spaces.
Let s be a Lie algebra which can be decomposed as the sum of two subalgebras
s = n + a, n  a = {0},
where n is a nilpotent ideal and a is Abelian. Furthermore let s be equipped with an inner
product for which n and a are orthogonal and the adjoint action of a on n is self-adjoint with
respect to this inner product. Thus, we have a subset of “roots”  in the dual space a∗ of a
and an orthogonal decomposition
n =
∑
α∈
nα, where [V, X ] = α(V )X
for any V ∈ a and X ∈ nα. Finally, we assume that there is at least one root β ∈  with the
property that
nβ ⊥ [n, n].
We write ∗ =  \ {β} and put
m =
∑
α∈∗
nα.
Let S be a simply connected Lie group with Lie algebra s and A, N and M be the Lie
subgroups of S with Lie algebras a, n and m, respectively. Then S = N · A and M is a closed
normal subgroup of N with N/M Abelian and A · M = M · A. Furthermore, A, M and N
are simply connected, hence so is the quotient N/M .
We equip S with the left-invariant Riemannian metric induced by the inner product on
s and give N/M the unique left-invariant metric for which the homogeneous projection
N → N/M is a Riemannian submersion.
THEOREM 12·1 For the above situation the map

: S = N · A −→ N/M, 
(n · a) = n · M
is a harmonic morphism.
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Note that, since N/M is Abelian and simply connected, there is an isometric group iso-
morphism N/MRk where k = dim nβ .
Proof. Denote by o = eM the identity coset of N/M . The fibre of 
 over a point n · o
is the set n · M · A = n · A · M . Thus, the vertical space of 
 at the point n · a is the left
translate of a + m, i.e.
Vn·a = d(Ln·a)e(a + m);
the horizontal space is therefore the left translate of nβ :
Hn·a = d(Ln·a)e(nβ).
This means that for X ∈ nβ we have
d
n·a(d(Ln·a)e(X)) = ddt 
(n · a · exp(t X))
∣∣
t=0
= d
dt
n · exp(t Ada(X)) · o
∣∣
t=0
= d(Ln)o(Ada(X)).
Now, there is a unique element V ∈ a such that a = exp(V ). Thus,
‖d
n·a(d(Ln·a)e(X))‖2 = ‖ Ada(X)‖2 = ‖ead(V )(X)‖2 = e2β(V )‖X‖2.
This implies that 
 is horizontally conformal with dilation
λ2(n · a) = e2β(V )
so in particular, 
 is horizontally homothetic. This means that for proving that 
 is a har-
monic morphism it is sufficient to show that it has minimal fibres. In our special situation
it is enough to show that the fibre over o ∈ N/M is minimal. Since 
−1(o) = M · A is a
subgroup of S, it even sufficies to check that it is minimal at the identity element e ∈ S.
Let { fi } be an orthonormal basis of a and for any α ∈ ∗ let {eαk } be an orthonormal basis
for nα. Then { fi , eαk } is an orthonormal basis for the sum a+m. Let H be the mean curvature
vector field along the fibre 
−1(o) and X ∈ nβ as above, then
〈H, X〉 =
∑
i
〈∇ fi fi , X〉 +
∑
α∈∗
∑
k
〈∇eαk eαk , X〉
=
∑
i
〈[X, fi ], fi 〉 +
∑
α∈∗
∑
k
〈[X, eαk ], eαk 〉
= 0,
since [X, fi ] ∈ nβ ⊥ a and [X, eαk ] ∈ nβ+α ⊥ nα.
The proof shows that the fibres of 
 are in fact totally geodesic.
Example 12·2. Consider an irreducible Riemannian symmetric space G/K of non-
compact type. We recall again the Iwasawa decomposition
G = N · A · K , g = n + a + k
of the group G and its Lie algebra g. Choose a root space nβ ⊂ n associated to a simple,
restricted root β. The above construction now yields a harmonic morphism
G/K N · A −→ N/MRk,
https:/www.cambridge.org/core/terms. http://dx.doi.org/10.1017/S0305004109002564
Downloaded from https:/www.cambridge.org/core. Open University Libraryy, on 11 Jan 2017 at 22:06:44, subject to the Cambridge Core terms of use, available at
404 SIGMUNDUR GUDMUNDSSON AND MARTIN SVENSSON
where k = dim nβ . Thus, whenever β can be chosen with k  2, there are globally defined,
complex-valued harmonic morphisms on G/K , regardless of the rank. When k = 1 we get
real-valued harmonic morphisms, i.e. harmonic functions, globally defined on G/K .
Besides giving new examples on some of the spaces considered in the previous section,
we also find the first known complex-valued harmonic morphisms on the spaces
Sp(2, 2)/Sp(2) × Sp(2), E−266 /F4, F−204 /Spin(9),
and their compact duals.
Example 12·3. Recall that a Damek–Ricci space is a simply connected solvable Lie group
S with a left-invariant metric, such that its Lie algebra is an orthogonal direct sum
s = v + z + a,
where n = v + z is a generalized Heisenberg algebra with center z, a is 1-dimensional with
a fixed, non-zero vector A ∈ a, and
[A, V ] = 1
2
V, [A, Y ] = Y (A ∈ a, V ∈ v, Y ∈ z).
Clearly, these spaces generalize non-compact Riemannian symmetric spaces of rank one.
They are irreducible Riemannian harmonic manifolds, and were introduced by Damek
and Ricci to provide counterexamples to the conjecture by Lichnerowicz, stating that any
Riemannian harmonic manifold is 2-point symmetric [5]. For more information about
Damek-Ricci spaces and generalized Heisenberg algebras, we refer to [4].
Let A, N , Z be the subgroups of S with Lie algebras a, n and z, respectively. The above
construction gives us a harmonic morphism
ϕ : S = N · A −→ N/ZRk,
where k = dim v.
13. 3-dimensional solvable Lie groups
In this section we study the structure of conformal foliations by geodesics on 3-
dimensional solvable Lie groups. We start by reviewing some general terminology.
Assume that V is an involutive distribution on a Riemannian manifold (M, g) and de-
note by H its orthogonal complement. As customary, we also use V and H to denote the
orthogonal projections onto the corresponding subbundles of T M and we identify V with
the corresponding foliation tangent to V . The second fundamental form for V is given by
BV(U, V ) = 1
2
H(∇U V + ∇V U ) (U, V ∈ V),
while the second fundamental form for H is given by
BH(X, Y ) = 1
2
V(∇X Y + ∇Y X) (X, Y ∈ H).
Recall that V is said to be conformal if there is a vector field V , tangent to V , such that
BH = g ⊗ V,
and V is said to be Riemannian if V = 0. Furthermore, V is said to be totally geodesic if
BV = 0. This is equivalent to the leaves of V being totally geodesic submanifolds of M .
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It is easy to see that the fibres of a horizontally conformal map (resp. Riemannian sub-
mersion) give rise to a conformal foliation (resp. Riemannian foliation). Conversely, any
conformal foliation (resp. Riemannian foliation) is locally the fibres of a horizontally con-
formal map (resp. Riemannian submersion), see [3]. When the codimension of the foliation
is 2, the map is harmonic if and only if the leaves of the foliation are minimal submanifolds.
Before restricting ourselves to the 3-dimensional situation, we note the following result.
PROPOSITION 13·1 Let G be a Lie group with Lie algebra g and a left-invariant metric.
Then the left-translation of any subspace of the centre of g generates a totally geodesic
Riemannian foliation of G.
Proof Let V be the foliation thus obtained and H its orthogonal complement. If U and V
are left-invariant vector field in V and X and Y left-invariant in H then clearly
〈BV(U, V ), X〉 = 1
2
(〈[U, V ], X〉 + 〈[X,U ], V 〉 − 〈[V, X ],U 〉) = 0
and
〈BH(X, Y ),U 〉 = 1
2
(〈∇X Y,U 〉 + 〈∇Y X,U 〉)
= 1
4
(〈[X, Y ],U 〉 + 〈[U, X ], Y 〉 − 〈[Y,U ], X〉
+〈[Y, X ],U 〉 + 〈[U, Y ], X〉 − 〈[X,U ], Y 〉)
= 0.
Thus V is Riemannian and totally geodesic.
Example 13·2. The solvable Lie algebra
g =
{(
t1 x
0 t2
) ∣∣∣∣ t1, t2, x ∈ R
}
has a 1-dimensional center. Thus the corresponding simply connected Lie group S2 admits
a Riemannian foliation by geodesics, regardless of which left-invariant metric we equip it
with.
The following result shows that the 3-dimensional situation is very special with respect to
conformal foliations by geodesics.
THEOREM 13·3 [3]. Let M be a 3-dimensional Riemannian manifold with non-constant
sectional curvature. Then there are at most two distinct conformal foliations by geodesics of
M. If there is an open subset on which the Ricci tensor has precisely two distinct eigenvalues,
then there is at most one conformal foliation by geodesics of M.
This result can now be applied to the situation of 3-dimensional Lie groups with left-
invariant metrics.
PROPOSITION 13·4 Let G be a connected 3-dimensional Lie group with a left-invariant
metric of non-constant sectional curvature. Then any local conformal foliation by geodesics
of a connected open subset of G can be extended to a global conformal foliation by geodesics
of G. This is given by the left-translation of a 1-parameter subgroup of G.
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This result is clearly false if we omit the assumption on the sectional curvature. See, e.g.,
[3, Chapter 1] for examples of locally defined harmonic morphisms U ⊂ R3 → C where
the induced foliations do not arise in this way.
Proof. Assume that V is a conformal foliation by geodesics of some connected neigh-
bourhood U of the identity element e of G and denote by H the orthogonal complement of
V . Let U ′ ⊂ U be a connected neighbourhood of e such that gh ∈ U for all g, h ∈ U ′, and
let U ′′ ⊂ U ′ be a connected neigbourhood of e for which g−1 ∈ U ′ for all g ∈ U ′′.
For any g ∈ G, we denote by Lg: G → G left translation by G. Take g ∈ U ′′ and consider
the distribution d LgV
∣∣
U ′ , obtained by restricting V to U ′ and translating with g. As Lg is
an isometry, this is also a conformal foliation by geodesics of LgU ′, which is a connected
neigbourhood of e. It is clear from Theorem 13·3 and by continuity, that this distribution
must coincide with V restricted to LgU ′. It follows that d(Lg)h(Vh) = Vgh for all g, h ∈ U ′′.
In particular we have
d(Lg)e(Ve) = Vg (g ∈ U ′′).
Define a 1-dimensional distribution V˜ on G by
V˜g = (d Lg)e(Ve) (g ∈ G).
Its horizontal distribution H˜ is clearly given by left translation of He. From the above we
see that
V˜∣∣U ′′ = V∣∣U ′′ .
It follows that
BV˜
∣∣
U ′′ = BV
∣∣
U ′′ = 0,
and since V˜ is left-invariant, it follows that BV˜ = 0 everywhere, i.e., V˜ is totally geodesic.
In the same way we see that V˜ is a conformal distribution and, by Theorem 13·3, we see that
V˜∣∣U = V.
This shows that V extends to a global conformal, totally geodesic distribution V˜ , which is
left-invariant. By picking any unit vector V ∈ Ve, we see that the corresponding foliation is
given by left translation of the 1-parameter subgroup generated by V .
Example 13·5. For two non-zero real numbers α, β ∈ R let the Lie algebra g be the
semidirect product R2  R given by the the commutator relations
[Z , X ] = αX + βY, [Z , Y ] = −βX + αY, [X, Y ] = 0,
where {X, Y } is the standard basis for R2, and Z generates R. Then g is solvable and center-
less and the corresponding simply connected Lie group has the following matrix represent-
ation
G =
⎧⎨
⎩
⎛
⎝ ezα cos(zβ) −ezα sin(zβ) xezα sin(zβ) ezα cos(zβ) y
0 0 1
⎞
⎠
∣∣∣∣∣∣ z, x, y ∈ R
⎫⎬
⎭ .
Equip G with the left-invariant metric for which {X, Y, Z} is an orthonormal basis for g. By
identifying G with R3 in the obvious way, we see that this metric is given by
e−2zαdx2 + e−2zαdy2 + dz2.
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A simple calculation shows that this metric has constant sectional curvature −α2. It is
also easy to see that left translation of Z generates a conformal foliation by geodesics on
G.
THEOREM 13·6 Let g be a 3-dimensional centerless, solvable Lie algebra and G a con-
nected Lie group with Lie algebra g and a left-invariant metric. Let V be a local conformal
foliation by geodesics on G. Then G has constant sectional curvature.
Proof. According to Proposition 13·4 the foliation V can be extended to a global foliation
on G and is tangent to a left-invariant vector field V ∈ g. Let H be the left-invariant distri-
bution orthogonal to V and X, Y be a left-invariant orthonormal basis for H. As V is totally
geodesic, we obtain
0 = 〈BV(V, V ), X〉 = 〈[X, V ], V 〉
and similarly for Y . We thus get
[V, X ] = αX + βY,
[V, Y ] = γ X + δY.
As V is conformal we have
0 = 〈BH(X, X), V 〉 − 〈BH(Y, Y ), V 〉
= 〈[V, X ], X〉 − 〈[V, Y ], Y 〉
= α − δ
and
0 = 〈BH(X, Y ), V 〉
= 1
2
{〈[V, X ], Y 〉 + 〈[X, Y ], V 〉 − 〈[Y, V ], X〉
+〈[V, Y ], X〉 + 〈[Y, X ], V 〉 − 〈[X, V ], Y 〉}
= 〈[V, X ], Y 〉 + 〈[V, Y ], X〉
= β + γ.
Thus
[V, X ] = αX + βY (13·1)[V, Y ] = −βX + αY.
The Lie algebra g is centerless so we must have α2 + β2 0, and since
[V, βX + αY ] = (α2 + β2)Y
[V, αX − βY ] = (α2 + β2)X,
it follows that X, Y ∈ [g, g]. As g is solvable, we must have [g, g]  g, so [g, g] =
span{X, Y }. Since [g, g] is a 2-dimensional, nilpotent Lie algebra, it must be Abelian; hence
[X, Y ] = 0.
By comparing with Example 13·5, it now follows that G must have constant sectional
curvature −α2.
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Example 13·7. Consider the 3-dimensional solvable Lie algebra gα spanned by the
matrices
e1 =
⎛
⎝α 0 00 −1 0
0 0 0
⎞
⎠ , e2 =
⎛
⎝0 0 10 0 0
0 0 0
⎞
⎠ , e3 =
⎛
⎝0 0 00 0 −1
0 0 0
⎞
⎠ ,
where α is some fixed real number. Here [g, g] is spanned by e2 and e3, and the operator ade1
acts on this space with eigenvalues α and −1. The simply connected Lie group Gα with Lie
algebra gα is given by
Gα =
⎧⎨
⎩
⎛
⎝ eαx 0 y0 e−x z
0 0 1
⎞
⎠
∣∣∣∣∣∣ x, y, z ∈ R
⎫⎬
⎭ .
When α = 0, e2 spans the center of gα, and is thus tangent to a Riemannian foliation of Gα
by geodesics. For α 0, gα is centerless so the only metrics on Gα for α 0 which admit a
conformal foliation by geodesics are those of constant sectional curvature. For α > 0 there
are no left-invaraint metric on Gα with constant sectional curvature, see [14]. This implies
that for α > 0 the Lie group Gα does not admit any local conformal foliation by geodesics,
regardless of which left-invariant metric we equip it with.
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